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The 12C nucleus with N=6 and Z=6 is a doubly closed-shell nucleus in a toroidal potential. In
the description of the ground state and the Hoyle state of 12C in the resonating group method
or the generator coordinate method, a superposition of the orientations of Wheeler’s triangular
cluster on the cluster plane would naturally generate an intrinsic toroidal density. A toroidal state
also has a probability amplitude to overlap with a 3-alpha cluster, which is the dominant decay
mode for the Hoyle state. For these reasons, we study a toroidal description of the states of 12C
in the toroidal configuration both phenomenologically and microscopically. A toroidal 12C nucleus
distinguishes itself by toroidal particle-hole multiplet excitations between one toroidal single-particle
shell to another. From such a signature and experimental data, we find phenomenologically that the
Hoyle state and many of its higher excited states may be tentatively attributed to those of the 12C
nucleus in a toroidal configuration. We then study the 12C system from a microscopic mean-field
approximation using variational wave functions. We find that the equidensity surfaces of the 12C
ground state exhibit a dense toroidal core immersed in lower-density oblate spheroids in the surface
region. Furthermore, there are prominent toroidal features of the equidensity surfaces for the state
at the Hoyle excitation energy, at which previous cluster model calculations indicate the presence of
a 3-alpha cluster state. A toroidal coexistence model therefore may emerge to suggest the possibility
that the physical Hoyle state may have probability amplitudes to be in the toroidal configuration
and the 3-alpha cluster configuration, possessing features of both the toroidal particle-hole multiplet
signature studied here and the 3-alpha cluster decay properties examined elsewhere.
PACS numbers: 21.10.Pc, 21.60.Cs
I. INTRODUCTION
The study of the intrinsic structure of the 12C nucleus
has a long history. Wheeler proposed an α particle model
for α-conjugate nuclei and suggested in 1937 that the
12C nucleus may be described as a triangular resonating
grouping of three alpha clusters obeying Bose-Einstein
statistics and exchanging nucleons between them [1, 2].
Later in 1953 Hoyle postulated an excited state of 12C as
the doorway for the triple alpha reaction in nucleosyn-
thesis, in which two alpha particles fuse into beryllium-
8 and then capture a third alpha particle to form the
carbon-12 nucleus [3–5]. The excited 0+ state at 7.654
MeV of 12C was subsequently identified as the postu-
lated “Hoyle state” [6]. Since then, many experimental
and theoretical investigations have been carried out to
understand the properties of the 12C nucleus. Recent ex-
perimental and theoretical results and reviews have been
presented in [7–26]. In addition to Wheeler’s α parti-
cle model for the 12C nucleus, related theoretical mod-
els include the cluster model of Brink [27], the cluster
model of three interacting alpha particles [23–26], the
generator coordinate method [21, 28–30], the resonating
group method [31–33], a Bose-Einstein condensate-type
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cluster model [34–37], the (THSR) cluster wave function
model [37], a Nilsson oblate ellipsoidal model [38] with
a commensurate axis ratio of aρ:az=2:1 [39], an alge-
braic U(7) model with a D3h symmetry [40–42], an anti-
symmetric molecular dynamics (AMD) model [43–46], a
microscopic fermionic molecular dynamic (FMD) model
[22, 47, 48], an ab initio no-core shell model [49, 50], a
no-core simplectic model (NCSpM) [51], ab initio lattice
effective field theory (L-EFT) [52], energy-density func-
tional mean-field models [53–60], and a rod model of 12C
excited states [61–63]. For a review of microscopic cluster
models, see Refs. [7, 19–22].
We study here the additional toroidal degree of free-
dom in the 12C nucleus for many reasons. First and
foremost is the reason that the physical nature of many
excited states of 12C has not been fully understood [7–
21, 23–26]. On the other hand, Wheeler suggested that
under appropriate conditions, a nucleus may assume a
toroidal shape [64, 65]. Referring to toroidal nuclei and
black holes, Wheeler wrote in his autobiography [65], “If
nuclei could exist in doughnut shapes, I felt, then, some of
them would exist in such shapes. If matter could collapse
to infinitesimal or even zero size, then some matter would
collapse. We physicists should think about where such
extreme behavior might occur, and look for it.” A possi-
ble “extreme behavior” for a toroidal 12C nucleus might
be the presence of a strong toroidal shell effect, since the
12C nucleus with N=6 and Z=6 is a doubly closed-shell
ar
X
iv
:1
90
2.
06
59
5v
2 
 [n
uc
l-t
h]
  1
8 S
ep
 20
19
2nucleus in the toroidal potential [66, 67]. The extrapo-
lation from the toroidal nuclei results in Fig. 18 of Ref.
[67], using the shell-correction method [68], points to a
possible toroidal state in 12C in the low excitation energy
region. The “extreme behavior” of a strong shell effect in
conjunction with the “extreme behavior” of a large yrast
spin alignment lead to the prediction of a toroidal high-
spin isomer in 28Si [69], for which possible experimental
observation has recently been presented [70]. Toroidal
high-spin isomers under similar extreme behavior have
also been predicted in the light-mass region from 24Mg
to 56Ni in non-relativistic and relativistic mean-field the-
ories [69, 71–76]. It is interesting to note that in the de-
scription of the ground state and the Hoyle state for the
12C nucleus, a generator coordinate superposition of the
orientations of Wheeler’s triangular cluster on the clus-
ter plane would naturally generate an intrinsic toroidal
density. A toroidal state also has a probability amplitude
overlap with the state of three alpha particles, which is
the dominant decay mode for the Hoyle state [14–18].
For all these reasons, it is of interest to follow Wheeler’s
advice to think about where such extreme behavior for a
toroidal nucleus might occur and look for it among states
in the 12C nucleus.
The 0+(ground) and 2+(4.43 MeV) states of the 12C
nucleus have been identified as members of the collective
rotational band of a deformed nucleus with the quadru-
ple deformation parameter β2 = −0.6 [77]. The intrin-
sic density of the nucleus with such a strongly negative
quadrupole β2 may contain both oblate spheroidal and
toroidal equidensity surfaces. It is therefore useful to gen-
eralize the concept of the toroidal nucleus to include those
for which some of its equidensity surfaces are toroidal.
In this first exploration of its kind to examine the
toroidal degree of freedom of the 12C nucleus, it is appro-
priate to study the problem from both the phenomenolog-
ical and microscopic points of view. In the phenomeno-
logical study, we search for the signature of the 12C nu-
cleus in a toroidal configuration so as to facilitate its iden-
tification. The toroidal geometry of a toroidal nucleus
is associated with distinctive properties of the single-
particle states. The intrinsic shape of a toroidal 12C
nucleus shows up as a bunching of single-particle states
into “Λ-shells” whose spacing is intimately tied to the
size of the toroidal major radius. This set of single-
particle shells will generate a distinct pattern of particle-
hole multiplet excitations that may be utilized to reveal
the toroidal nature of the nucleus. We shall look for the
possible occurrence of such a signature among the excited
states of 12C to explore phenomenologically whether the
Hoyle state at 7.654 MeV may be the head of the toroidal
band of the 12C nucleus.
In the subsequent microscopic studies, we use the
mean-field approximation and the Skyrme energy den-
sity functional to examine the energy of the system
in many different shapes, ranging from the spherical,
prolate spheroid, oblate spheroid, bi-concave disk, and
toroidal density distributions. The investigation will be
carried out with variational single-particle wave functions
characterized by a set of shape parameters. The energy
as a function of the shape parameters provide useful in-
formation on the landscape of the energy surface and on
the density distributions at different energy landscape
points to facilitate the investigation on toroidal density
distributions of the ground state and the state at the
Hoyle excitation energy.
It is worth emphasizing at this point that while
Wheeler’s concept of the 12C nucleus as a triangular clus-
ter of three alpha particles [1, 2] has been studied exten-
sively in [21, 23–36], Wheeler’s other concept of possible
toroidal nucleus [64, 65] has up to now not been applied
to the 12C nucleus, even though 12C is a doubly closed-
shell nucleus in a toroidal potential [66, 67]. Wheeler’s
two different concepts should play their separate and im-
portant roles under different probes of the nucleus. In
matters of 3α decay and the escape through the exter-
nal Coulomb barrier, the 3α cluster description is clearly
the simpler description. However, because nucleons can
traverse azimuthal orbitals in a torus with low energies
and can be excited to higher orbitals with a low excita-
tion energies, a description in terms of a 12C nucleus in
toroidal doubly-closed shells may be an efficient descrip-
tion in matters associated with particle-hole excitations
and in the energy spacing between particle-hole multi-
plet states. In contrast, the 3α cluster description has an
unperturbed (one particle)-(one hole) energy excitation
energy of order 20 MeV, and a large mixing of the many
3α determinants will be needed to bring the unperturbed
levels down to the observed particle-hole excitation en-
ergy of a few MeV to about 10 MeV. Furthermore, the
toroidal concept provides a novel geometrical insight, or-
ganizes useful concepts, helps guide our intuition, and
may find many applications involving the 12C nucleus.
It is therefore beneficial to develop the toroidal concepts
for the 12C nucleus proposed here.
The paper is organized as follows. In Section II, we
write down the approximate single-particle energies in
a light toroidal nucleus which depend only on the ef-
fective toroidal major radius R and the orbital angular
momentum component Λz along the symmetry z-axis.
The method to calculate the quantum numbers and the
excitation energies of the particle-hole excitations from
these single-particle states are examined in Section III.
The spectrum of 12C in the toroidal configuration is in-
vestigated in Section IV. In Section V, we compare the
theoretical predicted spectrum of toroidal states with ob-
served 12C states. In Section VI, we propose a toroidal
constraint in mean-field dynamics to study the energy
surface in the toroidal degree of freedom and to locate
local energy minima in the toroidal configuration. In Sec-
tion VII, we study the states of 12C from a microscopic
viewpoint using variational wave functions in terms of
geometrical parameters. The search for the minimum of
the energy using the Skyrme SkM* interactions [78–80]
allows the determination of the ground state energy and
density in Section VIII. We calculate the adiabatic en-
3ergy surface and the density distributions for states above
the ground state in Section IX. We examine the connec-
tion between the toroid and three-alpha cluster configu-
rations. We study how a phenomenological toroidal co-
existence model may emerge to contemplate the mixing
of the toroidal and the three-alpha cluster descriptions
of the 12C states in Section X. In Section XI, we present
our summary and discussions.
II. LOWEST SINGLE-PARTICLE STATES IN A
TOROIDAL POTENTIAL
We consider a toroidal nucleus with an axially sym-
metric density distribution and choose the symmetry
axis to be the z-axis. The nuclear density will generate
an axially symmetric single-particle mean-field potential
V (ρ, z) that is independent of the azimuthal angle φ. The
single-particle wave function of the lowest states for a
proton or a neutron can be written as
ΨnρnzΛzΩz = ψnρnz (ρ, z)
[eiΛzφχsz ]
Ωz
√
2pi
, (1)
and the single-particle wave equation is[
− ~
2
2m
{
1
ρ
∂
∂ρ
ρ
∂
∂ρ
+
∂2
∂z2
− Λ
2
z
ρ2
}
+ V (ρ, z)− nρnzΛzΩz
]
ψnρnz (ρ, z) = 0, (2)
where nρ and nz are the quantum numbers associated
with the oscillations in the ρ and z directions, Λz is the
orbital angular momentum component along the the z-
direction, and Ωz=Λz+sz. We are interested in the phe-
nomenology of a 12C nucleus with a toroidal density dis-
tribution in 12C for which the oscillation energy in the ρ
and z directions are substantially greater than the orbital
energy associated with the Λz quantum number. In such
a case, the latter can be treated as a perturbation. We
are also interested in particle-hole excitations involving
single-particle states with nρ=0 and nz=0 whose labels
will be omitted. Upon neglecting the small spin-orbit
interaction for low-lying states with low orbital angular
momenta, the single-particle energy of the lowest states
are
ΛzΩz = ρz0 +
~2Λ2z
2mR2
, (3)
where ρz0 is the zero-point energy associated with oscil-
lations in the V (ρ, z) potential, and the effective major
radius R is a measure of the matrix element
~2Λ2z
2mR2
= 〈ψnρ=0,nz=0(ρ, z)|
~2Λ2z
2mρ2
|ψnρ=0,nz=0(ρ, z)〉. (4)
To get the lowest lying particle-hole excitation spectrum
of the toroidal nucleus in question, we place the nucleons
in the lowest single-particle states in the toroidal poten-
tial, make the single-particle particle-hole excitations be-
tween different |ΛzΩz〉 states without exciting the oscilla-
tions in the ρ and z directions, and record their excitation
energies and quantum numbers.
III. PARTICLE-HOLE EXCITATIONS OF A
TOROIDAL NUCLEUS
With the single-particle state energies given by Eq.
(3) for a toroidal nucleus, the density of single-particle
states in the energy spacing is far from being uniform
in a toroidal nucleus. The single-particle state energies
depend only on the absolute value Λ≡|Λz|. They group
together into toroidal “Λ-shells”, with a large energy gap
between one toroidal Λ-shell and the next, generating
magic numbers N=2(2Λ + 1) in the light-mass region
[66, 67]. As shown schematically in Fig. 1, the toroidal
ground state of the 12C nucleus with the closed toroidal
shells is described by nucleons occupying the Λ=0 and
Λ=1 toroidal shells, filling up the lowest single-particle
states of |0 ± 12 〉, |1 ± 12 〉, |1± 32 〉.
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FIG. 1. (Color online.) Schematic toroidal single-particle en-
ergy level diagram for neutrons or protons, with the nucleons
occupying the lowest |ΛzΩz〉 single-particle states for the 12C
nucleus in the toroidal configuration. The excitation ener-
gies ∆EΛiΛf for various (1p1h)ΛiΛf excitations from the Λi
toroidal shell to the Λf toroidal shell are schematically indi-
cated.
The doubly closed-shell nature of the 12C nucleus in
the toroidal configuration means that the energy gap
between the occupied states in the Λ=1 shell and the
unoccupied states in the Λ=2 shell is expected to be
quite large, presumably much larger than the spin-orbit
and residual interactions. Thus, the particle-hole exci-
tations from one Λ-shell to another will yield the gross
structure, while the spin-orbit and residual interactions
will provide the fine structure of the spectrum. In the
4present first survey we shall contend ourselves only with
the gross structure by studying particle-hole excitations
built on toroidal single-particle shells without spin-orbit
and residual interactions. Refinement of the energy spec-
trum can be carried out in the projected shell model cal-
culations using the toroidal states as basis states as in
[81–84].
We can use the single-particle energies Eq. (3) to deter-
mine the gross structure of the particle-hole excitation of
a double-closed shell toroidal nucleus by calculating the
particle-hole excitation energy EI−E0 and its associated
angular momentum component Iz. We call the angular
momentum component Iz along the symmetry axis with
Iz=I the spin I (or Iz) of the toroidal state.
We construct the multiplet of (n particle)-(n hole) ex-
citations by promoting n nucleons from the occupied Λi-
shell to the empty Λf -shell. We label the multiplet as
(npnh)piΛiΛf , where pi, the parity of the multiplet, is equal
to (−1)Λf−Λi . In particular, the (1p1h)piΛiΛf multiplet of
particle-hole excitations can be constructed by promot-
ing a nucleon from an occupied initial state |ΛzΩz〉i in
the Λi-shell to an unoccupied final state |ΛzΩz〉f in the
Λf -shell. Such an {i → f} particle-hole excitation leads
to a spin increment ∆ifIz given by
∆ifIz([ΛzΩz]i→[ΛzΩz]f) = Ωzf − Ωzi, (5)
and from Eq. (3) an excitation energy increment
∆ifEΛiΛf given by
∆ifEΛiΛf ([ΛzΩz]i→[ΛzΩz]f )=([ΛzΩz]f )−([ΛzΩz]i)
=
~2
2mR2
(
Λ2f − Λ2i
)
. (6)
Here the energy unit ~2/2mR2 appears so frequently in
the excitation energy expressions that it deserves a sym-
bol of its own. We call it 0,
0 =
~2
2mR2
. (7)
The spin Iz and excitation energy Ex of a state in the
(npnh)piΛiΛf multiplet, in the simplest approximation with
the neglect of spin-orbit and residual interactions, are
just additive sums of the spin and energy increments from
independent {i→f} particle-hole excitations, subject to
the Pauli exclusion principle,
Iz =
∑
if
∆if ([ΛzΩz]i→[ΛzΩz]f). (8)
The parity pi of the state is
pi =
∏
if
{
(−1)Λf−Λi} . (9)
Because there are many different Ωz states in a single-
particle Λ-shell, there are many different spin increments
in an (npnh)piΛiΛf multiplet. Consequently there are
many different Iz spins in the multiplet states of the
toroidal nucleus. All these states with different spins
I = Iz within the multiplet have the same parity pi and
are degenerate with the excitation energy
Ex = EI − E0 =
∑
if
∆ifEΛiΛf ([ΛzΩz]i→[ΛzΩz]f ), (10)
where E0 is the energy of the toroidal ground state rela-
tive to the 12C ground state. The inclusion of spin-orbit
and residual interactions in a more refined calculation
will split the degeneracy of the different Iz states in the
multiplet.
IV. SPECTRUM OF THE 12C NUCLEUS IN
THE TOROIDAL CONFIGURATION
A. (1p1h)piΛiΛf Toroidal States
As one can see from Fig. 1, different (1p1h)piΛiΛf
multiplets of exited 12C toroidal states arise by pro-
moting nucleons from {[0(±1/2)],[1(±1/2)],[1(±3/2)]}
toroidal states in the Λ=0 and 1 shells to oc-
cupy empty {[2(±5/2)],[2(±3/2)],[3(±7/2)],[3(±5/2)]}
toroidal states in the Λ=2 and 3 shells. The knowledge
of the particle and hole state quantum numbers gives
the spin and parity of the excitation, and the excitation
energy can be determined from the single-particle en-
ergy (3) or the energy increment (6). In particular, for a
member Ipiz with I = Iz in the (1p1h)
pi
ΛiΛf
multiplet, the
energy EI of the member relative to the toroidal ground
state of energy E0 is EI − E0 = ∆EΛiΛf . All members
of a multiplet have the same excitation energy in the
present idealized approximation with the neglect of the
spin-orbit and residual interactions.
The (one particle)-(one hole) ∆EΛiΛf for different
shell-to-shell excitations are
∆E12 = (Λ = 1)→ (Λ = 2)= 3~
2
2mR2
= 30, (11a)
∆E02 = (Λ = 0)→ (Λ = 2)= 4~
2
2mR2
= 40, (11b)
∆E13 = (Λ = 1)→ (Λ = 3)= 8~
2
2mR2
= 80, (11c)
∆E03 = (Λ = 0)→ (Λ = 3)= 9~
2
2mR2
= 90. (11d)
These excitation energies depend only on a single-
parameter, the major radius R, which can be determined
by confronting the predicted theoretical spectrum with
the experimental data in the next Section. For particle-
hole excitations among the lowest states with nρ = 0 and
nz = 0, the above equations indicate that the excitation
energies are indepedent of the shape of the underlying
toroidal potential V (ρ, z). The parity of a member Ipiz
member of the (1p1h)piΛiΛf multiplet, is pi = (−1)Λf−Λi .
5TABLE I. The (1p1h)piΛiΛf excitations in toroidal
12C where
[ΛfΩzf ] represents a particle state and [ΛiΩzf ]
−1 represents
the hole state.
particle-hole particle-hole
excitation configuration Ipiz
EI−E0
0
[1(-3/2)]−1[2(5/2)] 4−
[1(-1/2)]−1[2(5/2)] 3−
[1( 1/2)]−1[2(5/2)] 2−
(1p1h)−12 [1( 3/2)]
−1[2(5/2)] 1−
Λ=1 shell →Λ=2 shell [1(-3/2)]−1[2(3/2)] 3− 3
[1(-1/2)]−1[2(3/2)] 2−
[1( 1/2)]−1[2(3/2)] 1−
[1( 3/2)]−1[2(3/2)] 0−
[0(-1/2)]−1[2(5/2)] 3+
(1p1h)+02 [0( 1/2)]
−1[2(5/2)] 2+
Λ=0 shell → Λ=2 shell [0(-1/2)]−1[2(3/2)] 2+ 4
[0( 1/2)]−1[2(3/2)] 1+
[1(-3/2)]−1[3(7/2)] 5+
[1(-1/2)]−1[3(7/2)] 4+
[1( 1/2)]−1[3(7/2)] 3+
(1p1h)+13 [1( 3/2)]
−1[3(7/2)] 2+
Λ=1 shell → Λ=3 shell [1(-3/2)]−1[3(5/2)] 4+ 8
[1(-1/2)]−1[3(5/2)] 3+
[1( 1/2)]−1[3(5/2)] 2+
[1( 3/2)]−1[3(5/2)] 1+
[0(-1/2)]−1[3(7/2)] 4−
(1p1h)−03 [0( 1/2)]
−1[3(7/2)] 3−
Λ=0 shell → Λ=3 shell [0(-1/2)]−1[3(5/2)] 3− 9
[0( 1/2)]−1[3(5/2)] 2−
We show the spin quantum number Iz, parity pi, and
the excitation energy EI− E0 of different (1p1h)piΛiΛf
multiplets of excited toroidal states in Table I. We have
kept the sign of Ωz of the particle state positive. If we
study the remaining case by reversing the sign of Ωz of
the particle state, we obtain the same set of states as
in Table I, except that the signs of Iz is reversed if it is
non-zero, and it has a different particle-hole combination
if Iz is zero. Thus, each of the total set of states in Table
I is doubly degenerate. The double degeneracy occurs
repeatedly in all toroidal states, and we shall make its
double degeneracy implicit and shall consider only non-
negative values of Iz with double degeneracy in what fol-
lows, unless explicitly specified otherwise. Furthermore,
it should be kept in mind that Table I is applicable to
neutron as well as to proton (1p1h) excitations.
Table I and Fig. 2 show that the (1p1h)pi12 multi-
plet for the excitation of a nucleon from the Λ=1 shell
to the Λ=2 shell consists of a set of eight doubly-
degenerate states, {4−, 2(3−), 2(2−), 2(1−),0−}, lying at
Ex=EI -E0=30. The (1p1h)
+
02 multiplet for the excita-
tion of a nucleon from the Λ=0 shell to the Λ=2 shell
consists of a set of four states, {(3+), 2(2+), 1+}, lying
at an excitation energy Ex=40. The (1p1h)
+
13 multi-
plet for the excitation of a nucleon from the Λ=1 shell
to the Λ=3 shell consists of a set of eight states of
{5+, 2(4+), 2(3+), 2(2+), 1+} lying at Ex=80. Finally,
the (1p1h)−03 multiplet for the excitation of a nucleon
from the Λ=0 shell to the Λ=3 shell consists of a set of
four doubly-degenerate states, {(4−), 2(3−), 2−}, lying at
Ex=90. The spectrum of these states are shown in Fig.
2.
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FIG. 2. (color online). (a) Experimental excitation energy
E of 12C excited states relative to the 12C ground state [14],
with the axis of the excitation energy E on the left. (b)
The theoretical spectrum of the toroidal states in different
multiplets, with the axis of the excitation energy Ex = E −
E0, relative to the energy E0 of the toroidal ground state,
given on the right. Comparison between the experimental and
theoretical spectra is made by identifying the Hoyle state as
the toroidal ground state and the lowest lying 3−, 1−, 2−, 4−
as members of the toroidal (1p1h)−12 multiplet, leading to 0 =
1.25 MeV (see text). The spins and parities of members of
the multiplets are presented in the figure and given in Table
VI.
The lowest lying toroidal states are the (0p0h)+,
(1p1h)−12, and (1p1h)
+
02 multiplets lying above the ground
toroidal 12C state. They should be prominently excited
by stripping (3He,d) reactions that add a proton to excite
and combine with a 11B nucleus to a toroidal configura-
tion.
B. (2p2h)+12 at Ex=60 for exciting two identical
nucleons from Λ=1 shell to Λ=2 shell
We consider next the (2p2h)+12 excitations of two iden-
tical particles (neutrons or protons) from the Λ=1 shell
to the Λ=2 shell. Because of the Pauli exclusion princi-
ple, the two identical particle or holes cannot occupy the
6same |Λz,Ωz〉 state. Consequently, to get the (2 particle)-
(2 hole) excitations involving identical particles, it is sim-
plest to combine the angular momentum components of
the two particles and two holes separately first, under the
restriction of the Pauli principle, before combining them
together. For this purpose, we list all combinations of
states of two holes in Table II and two particles in Table
III, under the restriction of the Pauli principle.
TABLE II. Combination of two holes states in |1(±3/2)〉 and
|1(±1/2)〉 states in the Λ=1 shell under the restriction of the
Pauli principle
two hole configuration Ipiz
{[1( 3/2)][1( 1/2)]}−1 [2+]−1
{[1( 3/2)][1(-1/2)]}−1 [1+]−1
{[1( 1/2)][1(-1/2)]}−1 [0+]−1
{[1(-3/2)][1( 3/2)]}−1 [0+]−1
{[1(-3/2)][1( 1/2)]}−1 [(-1)+]−1
{[1(-3/2)][1(-1/2)]}−1 [(-2)+]−1
TABLE III. Combination of two particles states in |2 ± 5/2〉
and |2 ± 3/2〉 orbitals in the Λ=2 shell under the restriction
of the Pauli principle
two particle configuration Ipiz
{[2( 5/2)][2( 3/2)]} 4+
{[2( 5/2)][2(-3/2)]} 1+
{[2( 3/2)][2(-3/2)]} 0+
{[2(-5/2)][2( 5/2)]} 0+
{[2(-5/2)][2( 3/2)]} (-1)+
{[2(-5/2)][2(-3/2)]} (-4)+
Now combine the two hole states with all two par-
ticle states, we get the angular momentum component
Iz and parity pi as listed in Table IV. As one ob-
serves in Table IV, the (2p2h)+12 multiplet consists of
a set of 18 doubly-degenerate positive parity states,
{6+, 5+, 2(4+), 2(3+), 4(2+), 5(1+), 3(0+)}, lying at Ex =
60 as shown in Fig. 2(b). It is applicable to a pair of
neutrons or protons.
TABLE IV. The spin states of the (2p2h)+12 multiplet at
Ex=60 for the excitation of two identical nucleons from the
Λ=1 shell to the Λ=2 shell
two holes two particle configuration Ipiz
{[2( 5/2)][2( 3/2)]} 2+
{[2( 5/2)][2(-3/2)]} (-1)+
{[2( 3/2)][2(-3/2)]} (-2)+
{[1( 3/2)][1( 1/2)]}−1 {[2(-5/2)][2( 5/2)]} (-2)+
{[2(-5/2)][2( 3/2)]} (-3)+
{[2(-5/2)][2(-3/2)]} (-6)+
{[2( 5/2)][2( 3/2)]} 3+
{[2( 5/2)][2(-3/2)]} 0+
{[2( 3/2)][2(-3/2)]} (-1)+
{[1( 3/2)][1(-1/2)]}−1 {[2(-5/2)][2( 5/2)]} (-1)+
{[2(-5/2)][2( 3/2)]} (-2)+
{[2(-5/2)][2(-3/2)]} (-5)+
{[2( 5/2)][2( 3/2)]} 4+
{[2( 5/2)][2(-3/2)]} 1+
{[2( 3/2)][2(-3/2)]} 0+
{[1( 1/2)][1(-1/2)]}−1 {[2(-5/2)][2( 5/2)]} 0+
{[2(-5/2)][2( 3/2)]} (-1)+
{[2(-5/2)][2(-3/2)]} (-4)+
{[2( 5/2)][2( 3/2)]} 4+
{[2( 5/2)][2(-3/2)]} 1+
{[2( 3/2)][2(-3/2)]} 0+
{[1(-3/2)][1( 3/2)]}−1 {[2(-5/2)][2( 5/2)]} 0+
{[2(-5/2)][2( 3/2)]} (-1)+
{[2(-5/2)][2(-3/2)]} (-4)+
{[2( 5/2)][2( 3/2)]} 5+
{[2( 5/2)][2(-3/2)]} 2+
{[2( 3/2)][2(-3/2)]} 1+
{[1(-3/2)][1( 1/2)]}−1 {[2(-5/2)][2( 5/2)]} 1+
{[2(-5/2)][2( 3/2)]} 0+
{[2(-5/2)][2(-3/2)]} (-3)+
{[2( 5/2)][2( 3/2)]} 6+
{[2( 5/2)][2(-3/2)]} 3+
{[2( 3/2)][2(-3/2)]} 2+
{[1(-3/2)][1(-1/2)]}−1 {[2(-5/2)][2( 5/2)]} 2+
{[2(-5/2)][2( 3/2)]} 1+
{[2(-5/2)][2(-3/2)]} (-2)+
C. [(1p1h)12ν(1p1h)12p]
+ toroidal multiplet
involving one neutron and one proton
In the last subsection, we have considered the (2p2h)
excitations involving two identical nucleons. The case
of the (2p2h) excitations involving two different types of
nucleons from the Λ = 1 shell to the Λ = 2 shell differ
from the previous case, because the pairs of particles or
holes do not need to be restricted by the Pauli princi-
ple. We can consider such (2p2h) excitations by com-
bining a (1p1h) neutron excitation with an independent
(1p1h) proton excitation. Such a [(1p1h)12ν(1p1h)12p]
pi
multiplet has the excitation energy Ex = 2∆E12=60
and positive parity. In the notation for the multiplet, we
have used the subscript ν for neutrons and p for protons.
Their spin quantum numbers Iz and parities are given in
7Table V.
TABLE V. The spin states of the [(1p1h)12ν(1p1h)12p]
+ mul-
tiplet at Ex=60 involving different types of nucleons
(1p1h)12p State
(1p1h)12ν
State 4− 3− 2− 1− 3− 2− 1− 0−
4− 8+ 7+ 6+ 5+ 7+ 6+ 5+ 4+
3− 7+ 6+ 5+ 4+ 6+ 5+ 4+ 3+
2− 6+ 5+ 4+ 3+ 5+ 4+ 3+ 2+
1− 5+ 4+ 3+ 2+ 4+ 3+ 2+ 1+
3− 7+ 6+ 5+ 4+ 6+ 5+ 4+ 3+
2− 6+ 5+ 4+ 3+ 5+ 4+ 3+ 2+
1− 5+ 4+ 3+ 2+ 4+ 3+ 2+ 1+
0− 4+ 3+ 2+ 1+ 3+ 2+ 1+ 0+
(-4)− 0+ (-1)+ (-2)+ (-3)+ (-1)+ (-2)+ (-3)+ (-4)+
(-3)− 1+ 0+ (-1)+ (-2)+ 0+ (-1)+ (-2)+ (-3)+
(-2)− 2+ 1+ 0+ (-1)+ 1+ 0+ (-1)+ (-2)+
(-1)− 3+ 2+ 1+ 0+ 2+ 1+ 0+ (-1)+
(-3)− 1+ 0+ (-1)+ (-2)+ 0+ (-1)+ (-2)+ (-3)+
(-2)− 2+ 1+ 0+ (-1)+ (-2)+ 0+ (-1)+ (-2)+
(-1)− 3+ 2+ 1+ 0+ 2+ 1+ 0+ (-1)+
0− 4+ 3+ 2+ 1+ 3+ 2+ 1+ 0+
There are altogether {8+,4(7+),8(6+),12(5+),15(4+),
16(3+),16(2+),15(1+),15(0+),1(-4)+,4(-3)+),9(-2)+),
12(-1)+} for a total of 128 states. If we reverse the sign
of the (1p1h)12p state, we get the same set of states but
with the signs of Iz is reversed if it is non-zero, and it
has a different particle-hole combination if Iz is zero.
The (Iz)
+ and the (−Iz)+ states in these two sets can be
grouped together. In this new grouping, the combined
set contains 128 doubly-degenerate states of the set
{8+,4(7+),8(6+),12(5+),16(4+),20(3+),25(2+),27(1+),
15(0+)} at the excitation energy Ex=2∆E12=60.
We have thus obtained the spectrum of the lowest-lying
multiplets of states. The spectrum of the higher states
can be obtained in a similar way. We can summarize the
theoretical energy spectrum of the toroidal 12C nucleus
in Table VI and in Fig. 2.
TABLE VI. The theoretical spectrum of 12C in a toroidal con-
figuration. Here, Ex=EI − E0, EI is the energy of a state in
the multiplet, E0 is the toroidal ground state energy, 0=1.25
MeV by matching with the experimental spectrum, and N is
the number of doubly-degenerate states in the multiplet.
Toroidal Ground State Ex
0
EI Iz=I states N
& Toroidal Multiplets (MeV)
[(0p0h)]+ 0 7.654 0+ 1
[(1p1h)12]
− 3 11.41 0−, 2(1−),2(2−),2(3−),4− 8
[(1p1h)02]
+ 4 12.66 1+, 2(2+), 3+ 4
[(2p2h)12]
+ 6 15.16 3(0+),5(1+), 4(2+), 18
2(3+),2(4+),5+,6+
[(1p1h)12ν(1p1h)12p]
+ 6 15.16 15(0+),27(1+),25(2+), 128
20(3+),16(4+),12(5+),
8(6+),4(7+),8+
[(1p1h)12(1p1h)02]
− 7 16.42 4(0−),7(1−),5(2−), 24
3(3−),2(4−),2(5−),6−
[(1p1h)12ν(1p1h)02p]
− 7 16.42 8(0−),15(1−),12(2−), 64
9(3−),8(4−),7(5−),
4(6−),7−
[(1p1h)13]
+ 8 17.67 1+,2(2+),2(3+),2(4+),5+ 8
[(2p2h)02]
+ 8 17.67 0+,1+, 4+ 3
[(1p1h)02ν(1p1h)02p]
+ 8 17.67 6(0+),8(1+),3(2+), 32
4(3+),6(4+),4(5+),6+
[(1p1h)03]
− 9 18.92 2−, 2(3−),4− 8
[(3p3h)12]
− 9 18.92 0−, 2(1−),2(2−),2(3−),4− 8
[(2p2h)12ν(1p1h)12p]
− 9 18.92 30(0−),59(1−),55(2−), 288
47(3−),36(4−), 25(5−),
16(6−),10(7−),6(8−),
3(9−),10−
[(2p2h)12p(1p1h)12ν ]
− 9 18.92 (same as above) 288
[(2p2h)12(1p1h)02]
+ 10 20.15 3(0+),6(1+),6(2+), 24
5(3+),3(4+),5+
[(2p2h)12p(1p1h)02ν]
+ 10 20.15 15(0+),30(1+), 29(2+), 144
25(3+),18(4+),11(5+),
7(6+),5(7+),3(8+),9+
[(2p2h)12ν(1p1h)02p]
+ 10 20.15 (same as above) 144
[(2p2h)02(1p1h)12]
− 11 21.40 4−,2(3−),2(2−),2(1−),0− 8
[(4p4h)12]
+ 12 22.65 0+ 1
[(2p2h)12ν(2p2h)12p]
+ 12 22.65 69(0+),130(1+),117(2+), 648
96(3+),78(4+),58(5+),
42(6+),26(7+),16(8+),
8(9+),5(10+),2(11+),12+
[(3p3h)12(1p1h)02]
− 13 23.90 0−,2(1−),2− 4
[(3p3h)12ν(1p1h)02p]
− 13 23.90 8(0−),15(1−),12(2−),9(3−), 64
8(4−),7(5−),4(6−),7−
[(3p3h)12p(1p1h)02ν ]
− 13 23.90 (same as above) 64
[(2p2h)12(2p2h)02]
+ 14 25.15 0+,1+,2+ 3
[(2p2h)12ν(2p2h)02p]
+ 14 25.15 13(0+),23(1+),20(2+) 108
15(3+),13(4+),10(5+),
7(6+),3(7+),2(8+),9+,10+
For simplicity, the single-particle energies in Eq. (3)
have been simplified to depend only on Λ2z/R
2. Such
a representation may be adequate for the lowest few
toroidal shells. However, in a more realistic case, the
single-particle potential should follow the toroidal den-
sity and should be a diffused potential with a finite depth.
The higher toroidal shells are expected to be unbound.
8As a consequence, there will be a termination of the
(npnh) toroidal excitations, indicated by the absence of
bound toroidal particle-hole excitations at high energies
and a rapid decrease of the density of toroidal particle-
hole excitation states. It will be of interest to search
for the excitation energy maximum in 12C at which the
toroidal particle lie in the continuum and there will be
no more bound toroidal particle-hole excitations.
V. COMPARISON OF TOROIDAL SIGNATURE
WITH EXPERIMENTAL 12C SPECTRUM
In the last few sections, we show that the 12C nucleus in
a toroidal configuration possesses a distinct spectrum of
with well defined spins, parities, and excitation energies.
They arise from particle-hole excitations from a toroidal
Λi-shell to another toroidal Λf -shell and represent the
signature of the 12C nucleus in the toroidal configuration.
Using such a signature, we explore whether there may be
toroidal states in 12C build on the 0+ Hoyle state at 7.654
MeV as the head of the toroidal band.
In our exploratory survey, we expect that the toroidal
states of 12C and the low-lying toroidal multiplets will
show up as 12C resonances among states that have a
large probability to breakup into 3 alpha particles. We
envisage that for a system that breaks into three alpha
particles, an emitted alpha particle will be in contact
with a Be nucleus at the moment of scission. The Be
nucleus will likely be in the form of a two-alpha clus-
ter. A rod configuration with a three-alpha cluster lies
at around 16.5 MeV [62]. The configuration of the 12C
system that decays into three alpha particles at excita-
tion energies below the onset of the rod configuration at
about 16.5 MeV is likely to consist of a triangular cluster
of alpha particles in various degrees of contact. Such a
triangular clusters of three alpha particles has a proba-
bility amplitude overlap with the toroidal configuration
and can originate from the evolution of a toroidal con-
figuration under sausage deformation of order λ=3. Ac-
cordingly, we search for good candidate toroidal states in
10B(3He,p)12C∗→3α and 11B(3He,d)12C∗→3α reactions
[15–17] as shown in Figs. 3, 4, and 5. We shall discuss
the results of our search in the following subsections.
A. Comparison of 11B(3He,d)12C∗→3α Spectrum
with Toroidal (1p1h)−12 and (1p1h)
+
02 Multiplets
In the experiments of Kirsebom et al. [15, 16], excited
intermediate 12C∗ states were produced by the bombard-
ment of the 3He projectile at 8.5 MeV onto a 11B target
by the 3He + 11B → d+ 12C∗ reaction, with the subse-
quent breakup of the 12C∗ intermediate state into three
alpha particles, 12C∗ → 3α. The complete kinematic
data of the final deuterium d and the 3 alpha particles
have been recorded with detectors of fine resolutions and
segmentation to allow the determination of (i) the en-
ergy of the intermediate 12C∗ state, (ii) the history of its
subsequent decay, and (iii) the energy distribution Dalitz
plot of the 3 alpha particles. From these pieces of infor-
mation, the spins and parities of the prominent 12C res-
onances can be inferred. The complete kinematic data
allow the removal of most of the random coincidences
and decay channels that do not involve the production
of intermediate excited states of 12C∗. The measurement
is essentially free of background [85]. The spectrum as
shown in Figs. 3(a) and 4(a) from Kirsebom et al. [15, 16]
can be considered to be the spectrum for the produced
intermediate excited 12C∗ states, which include both the
identified 12C resonances as well as unresolved and un-
identified excited 12C∗ states, as we shall discuss below.
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FIG. 3. (color online). (a) Experimental excitation function
for the reaction 11B(3He,d)12C∗→ 3α in logarithmic scale as
a function of the 12C∗ excitation energy E in the range of
7 ≤ E ≤ 13 MeV obtained by Kirsebom et al. [15], with the
axis of the excitation energy on the left. (b) Experimental
level scheme from the compilation of [14]. (c) Theoretical level
scheme of toroidal states with the axis of Ex = (E − E0)/0
on the right. Subsequent matching between theoretical and
experimental excitation energies leads to 0=1.25 MeV.
It is instructive to review how (i) the 11B(3He,d)12C∗
reaction mechanism, (ii) the selection of the 12C∗ → 3α
final states, and (iii) the knowledge of the toroidal nu-
cleus structure information help guide us in the search for
toroidal 12C particle-hole excitation states. The (3He,d)
process of [15, 16] strips a proton from the incident pro-
jectile nucleus, 3He, turns it into a deuterium, and de-
posits the stripped proton onto the target 11B nucleus,
which has 5 protons and and 6 neutrons. With this ad-
dition of the stripped proton, the system with 6 pro-
tons and 6 neutrons completes a doubly-closed shell for
a toroidal shape. By the selection of the breakup into
three alpha particles, we judiciously search for the en-
9ergy location for the 12C toroidal state for processes in
which the stripped proton can excite and polarize the nu-
cleons in the 11B system to re-configure themselves into
a doubly closed shell toroidal nucleus with only a sin-
gle unoccupied state in the proton Λ=1 shell, and the
stripped proton can then fill up the unoccupied proton
single-particle state to lead to the (0p0h) toroidal 12C
ground state.
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FIG. 4. (color online). Experimental excitation function for
the reaction 11B(3He,d)12C∗→ 3α in linear scale as a function
of the 12C∗ excitation energy E in the range of 9 ≤ E ≤ 15
MeV obtained by Kirsebom et al. [15], with the axis of the
excitation energy on the left. (b) Experimental level scheme
from the compilation of [14]. (c) Theoretical toroidal states
with the axis of Ex/0=(E − E0)/0 on the right.
With the selection of breaking up into 3 alpha par-
ticles, we can look for events at another higher en-
ergy for the toroidal (1p1h)−12
12C state, in which the
stripped proton excites the nucleons in the 11B system
to re-configure themselves into a toroidal configuration
with a hole in the Λ=1 shell, while the stripped pro-
ton goes on to an unoccupied proton state in the higher
unoccupied Λ=2 shell, leading to the (1p1h)−12 state of
toroidal 12C. We expect that at the appropriate ener-
gies, the 11B(3He,d)12C∗→3α reaction should favorably
populate (0p0h) and (1p1h)−12 states of the toroidal
12C
nucleus. In a similar manner, the (1p1h)+02 multiplets of
{1+, 2(2+), 3+} in Table VI should be likewise favorably
excited in the 11B(3He,d)12C∗→3α reaction.
Figure 3(a) gives the experimental excitation function
for the 11B(3He,d)12C∗→3α reaction in the range 7 ≤
E ≤ 13 MeV in logarithmic scale, and Fig. 4(a) shows the
same excitation function in the range 9 ≤ E ≤ 15 MeV
in linear scale. Figs. 3(b) and 4(b) show the energy lev-
els from the experimentally identified 12C excited states
from the compilation of [14]. The excitation energy E
relative to the energy of 12C ground state is given on the
left axis.
The experimental excitation functions in Figs. 3(a) and
4(a) indicate that the 0+ Hoyle state at E=7.654 MeV is
prominently excited, as are the 3− state at 9.654 MeV,
the 1− state at 10.847 MeV, the 2− state at 11.837 MeV,
the 4− state at 13.314 MeV, and the 1+ state at 12.71
MeV. By comparing the experimental and the theoretical
spectrum in Figs. 3(c) and 4(c), we find that the lowest
theoretical multiplet in toroidal 12C contains states with
spins and parities that coincide with those of the exper-
imental states. It is therefore reasonable to identify the
0+ Hoyle state at 7.654 MeV to be the (0p0h) ground
state of the toroidal configuration and the set of low-
est {3−(9.654 MeV), 1−(10.847 MeV), 2−(11.837 MeV),
4−(13.314 MeV)} states to be members of the (1p1h)−12
multiplet. Following such an identification, we set the av-
erage excitation energy of the four states {3−, 1−, 2−, 4−}
at 11.41 MeV to be the excitation energy of the (1p1h))−12
multiplet. Such a matching leads to the theoretical en-
ergy scale,
0 = 1.25 MeV. (12)
By the definition of 0 as ~2/2mR2, we obtain the corre-
sponding effective major radius,
R = 4.06 fm. (13)
The root-mean-squared radius rrms of the Hoyle state
as determined in previous 3α cluster theoretical models:
rrms=3.56 fm from the resonating group method in Ref.
[33], rrms=3.40 fm from the generator coordinate method
in Ref. [30], rrms=3.83 fm from the generator coordinate
method in Ref. [35], and rrms=3.82 fm from the three-
body quantum dynamics in Ref. [23]. The value of R
extracted from the (one-particle one-hole) spectrum here
is slightly higher than the theoretical rrms determined
by cluster models calculations for the Hoyle state. Such
a difference may arise partially from the fact that the
particle-hole excitation involves the excitation to the un-
occupied Λ = 2 single-particle orbital which has natu-
rally a greater radius compared to the Λ = 0 and Λ = 1
occupied orbitals in the Hoyle state.
The knowledge of 0 allows the determination of the
theoretical toroidal spectrum of 12C as tabulated in Table
VI and shown in Figs. 2-5. In particular, we find that the
1+ state at Ez=12.71 MeV approximately matches the
1+ state in the multiplet of (1p1h)+02.
We note in Figs. 3 and 4 that there are also a 2+ state
at 9.87 MeV, a 4+ state at 13.3 MeV [86] and another
4+ state at 14.079 MeV [14]. These states are collec-
tive rotational states that are not excited significantly by
the stripping 11B(3He,d)12C∗→3α reaction. The analy-
sis of the interacting alpha particle model [87] and the
algebraic cluster model [40, 41] found that the sequence
of the 0+1 (ground state), 2
+
1 (4.33 MeV), and 4
+
2 (14.079
MeV) form the rotational states of the ground band,
whereas the sequence of the Hoyle state 0+2 (7.654 MeV),
2+2 (9.870 MeV), and (4
+
1 )(13.3 MeV) state [86] form a
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rotational band with a different moment of inertia. With
the identification of these rotational bands built on the
Hoyle state and the ground state, a consistent descrip-
tion of the properties of all lowest eleven identified states
of the 12C nucleus emerges. Namely, in addition to the
rotational 0+, 2+, 4+ bands of the ground state and the
Hoyle state, the other low-lying states can be attributed
simply to one-particle one-hole toroidal multiplet excita-
tions from a spatially extended Hoyle state in the toroidal
configuration.
B. Excitation Strength within the (1p1h)−12
Multiplet
The excitation function of the stripping reaction
11B(3He,d)12C∗ leading to toroidal (1p1h)−12 particle-hole
states in 12C∗ depends on the degree of occupation of
the Λ=1 shell and the degree of emptiness of the un-
occupied Λ=2 shell, which are the same for all mem-
bers of the shell-to-shell particle-hole multiplet. Conse-
quently, all members of the (1p1h)−12 multiplet should
be approximately equally produced. An examination
of the widths and the heights of the identified low-
est {1−, 2−, 4−} states above the underlying unresolved
states indicate that these three are approximately equally
populated, supporting their identification as members of
the (1p1h)−12 multiplet.
We note in passing that the experimental strength for
the excitation of the (0p0h) Hoyle state in Figure 3 is
smaller than the strength for the excitation of the (1p1h)
states in the 11B(3He,d)12C∗ reaction. In stripping a pro-
ton from the incident 3He nucleus and depositing the pro-
ton onto the 11B nucleus, the reaction of 11B(3He,d)12C∗
is peripheral in nature. The dominant contribution to
the reduced DWBA cross section depends on the tail
of the radial single-particle bound-state wave functions
of the deposited single-particle state inside the nucleus.
The (0p0h) excitation deposits a proton to the deeper
Λ = 1 shell single-particle state whereas the (1p1h)−12 ex-
citation deposit the proton to the higher Λ = 2 shell
single-particle states with a greater magnitude of the
wave function in the peripheral region of the nucleus.
Therefore, the excitation strengths for the (1p1h)−12 (3
−,
1−, 2−, 4−) multiplet is higher than that for the (0p0h)
0+ Hoyle state.
C. Number of Toroidal States in Multiplets and
the Presence of Underlying Broad Structure
Our comparison with identified resonances reveals that
there appear to be many more theoretical states than
the number of experimentally identified states. On the
other hand, the excitation function in Fig. 3(a) in the
measurement of [15] possesses strengths away from the
cleanly identified peaks. The measurement of [15] is
free of background [85] because the complete kinemat-
ics satisfying the conservation of energy and momentum
allow the identification all participating initial and fi-
nal particles, and noise production of the 3α+d assem-
bly will not satisfy the energy and momentum conser-
vation. Therefore, the presence of these extra excita-
tion strength in Fig. 3(a) obtained in [15] indicates that
additional overlapping resonances of 12C have been pro-
duced in the 11B(3He,d)12C∗→3α measurement. They
constitute non-vanishing strengths in the Dalitz plot and
represent broad and unidentified excited states of 12C.
They are likely the remaining members of the toroidal
multiplets that are also produced. If they indeed are,
then their number should match the remaining number
of unidentified states. We can make a rough estimate of
the remaining number of unidentified states as follows.
Each state of the multiplet is expected to be produced
in approximately an equal single-particle “particle-hole”
strength in the stripping 11B(3He,d)12C∗→3α reaction.
The excitation function strengths of the resolved reso-
nances in the range can be used as a yard stick to esti-
mate the number of the remaining produced un-identified
12C∗ resonances in the underlying broad structure in Fig.
4(a).
In the data of Fig. 4(a), the 1−(10.847 MeV),
2−(11.837 MeV), and 4−(13.314 MeV) resonances are
members of the (1p1h)−12 multiplet arising from single-
particle excitations populating a one-particle-one-hole
state in the Λ=2 shell.
The strength of each the 1−(10.847 MeV), 2−(11.837
MeV), and 4−(13.314 MeV) resonances as suggested
members of the (1p1h)−12 multiple defines roughly a
single-particle “particle-hole” unit, with approximately
the same area for each of the three peaks, and each
particle-hole unit leads to the production of one 12C∗
particle-hole state. On that basis of using that (average)
area as a yardstick, we find that in the energy range of
Fig. 4(a) up to the instrumental cut-off excitation en-
ergy of ∼ 14.5 MeV, there are approximately 3 to 5
units of particle-hole strength for natural parity states
and 2 to 4 units for the un-natural parity states in the
underlying overlapping resonances, with a considerable
degrees of uncertainty in these numbers due to the un-
certainty in separating out the resolved peaks from the
underlying broad structure. The numbers of remaining
un-identified members in the multiplet fall within the
range of numbers of particle-hole states estimated to be
present in the underlying broad structure in Fig. 4(a).
By this comparison, it appears that the total number
of identified and unidentified resonances produced in the
11B(3He,d)12C∗→3α reaction matches approximately the
total number of particle-hole states of the (1p1h)−12 and
(1p1h)+02 multiplets.
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D. The Excitation Function in 10B(3He,p)12C∗→3α
and the Density of Toroidal States at High Energies
In another experiment, Alcorta et al.[17] used the 3He
projectile to collide with a 10B target nucleus to study
the excited states of 12C by the 10B(3He,p)12C→3α re-
action at a beam energy of 4.9 MeV. The complete kine-
matics of all four final particles were collected using
detectors of fine resolution and segmentation. Again,
the full knowledge of the complete kinematics facili-
tate the assignment of spins and parities. Contribu-
tions from direct reactions leading to the production of
intermediate states other than 12C∗ have been elimi-
nated as much as possible so that the excitation func-
tion of the 3α spectrum can also be considered to
be essentially free of background, pending future re-
moval of the small 3He+10B→8Be+5Li→8Be+p+α and
3He+10B→α+9B→α+α+5Li contributions [85].
FIG. 5. (color online). Experimental excitation functions of
the reaction 10B(3He,p)12C∗→3α as a function of the proton
energy Ep from Alcorta et al.[17]. The excitation energies Ex,
spins, and parities of identified resonances of the excited 12C∗
states are indicated. Please note the different count scales on
the y-axes in Figs. (a) and (b). The decay of the excited 12C∗
state goes through the 0+ state of 8Be in (a) and through the
2+ state of 8Be in (b).
The (3He,p) reaction strips a neutron and a proton
from the 3He projectile and deposits the two nucleons
onto the 10B target. It is expected to populate favorably
the (0p0h), (1p1h), and (2p2h) toroidal excitations of
12C∗ at different excitation energies. Experiment data
of the 10B(3He,p)12C→3α reaction [17] in Fig. 5 in the
three alpha breakup indicate that the Hoyle state, the
lowest {1−, 2−, 3−, 4−} and 1+ states are prominently
produced.
The additional possibility of the (2p2h) excitations
with the 10B(3He,p)12C∗→3α reaction leads to an en-
hanced excitation function at higher excitation energies.
It is interesting to note that the experimental 4+(14.08
MeV) state and the 2+(16.11 MeV) falls in the vicinity
of the theoretical (2p2h)+12 multiplet whose members in-
clude a 2+ and a 4+ state. Whether these two states can
be identified as two members of the (2p2h)+12 multiplet
will require further theoretical and experimental investi-
gations. In Fig. 5 the produced resolved states appear
as sharp peaks on top of an underlying broad structure.
If we consider the sharp peaks as arising from a 2p2h
excitation and we employ the earlier method using the
areas of the excitation function covered by known res-
onances as a “two-particle-two-hole” (2p2h) yard stick
to estimate the number of (2p2h) states involved in the
underlying broad structure, we would come up with the
result that the number of similar (2p2h) states compris-
ing the underlying broad structure in Fig. 5 is an or-
der of magnitude greater than number of resolved and
identified resonances. Thus in addition to the few re-
solved and identified states that have been mentioned as
possible members of the toroidal (2p2h) multiplets, the
underlying structure represents also a large number of
possible produced members of the toroidal multiplets in
the 10B(3He,p)12C∗→3α reaction of Ref. [17].
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FIG. 6. (color online). Number of toroidal states as a function
of the excitation energy Ex relative to the ground state for
the 12C nucleus in a toroidal configuration.
The experimental excitation function in Fig. 5 pro-
vides valuable information on the number of excited 12C∗
states as a function of Ex. It indicates that the number of
12C ∗ states at Ex∼ 10-20 MeV that decay into 3α is very
large. Above the Hoyle state energy, the toroidal particle-
hole excitations built on the Hoyle state provide the dom-
inant contribution to the number of states, on account of
the extended geometrical size of the Hoyle state. It is
illuminating to compare the number of toroidal particle-
hole states as a function of Ex with the general behavior
of the excitation function for 12C∗ production in Fig.
5. To facilitate such a comparison, we have plotted the
number of toroidal states as a function of 12C excitation
energy Ex in Fig. 6 along the direction of decreasing Ex.
The number of toroidal states is quite large at Ex∼ 18-20
MeV and has a smaller peak at ∼15-16 MeV. Experimen-
tal excitation function in Fig. 5 has a large peak at about
18 MeV and a substantial yield at around 16 MeV. There
appears to be a qualitative correlation between the shape
of the experimental excitation function with the theoret-
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ical variation of the number of toroidal states, but more
work is needed to make a quantitative comparison.
From the above comparisons outlined in subsections A,
B, C, and D, there appear to be an approximate agree-
ment of many pieces of data with the signatures of the
12C nucleus in the toroidal configuration, but there are
also many items that need to be further investigated to
confirm the presence of such a toroidal configuration.
Subject to these further experimental and theoretical
tests that are opened up by such the new suggestion,
the Hoyle state and many of its excited states may be
tentatively identified as states of the 12C nucleus in the
toroidal configuration.
VI. TOROIDAL 12C IN TOROIDAL
CONSTRAINT DYNAMICS
Our investigation points to the need to devise tools
within the mean-field theory that can constrain the nu-
cleus so to possess local toroidal energy equilibrium con-
figurations. We should be prepared to examine the
toroidal configuration as excited diabatic states of the
system. Success for formulating such tools will be useful
not only for the 12C nucleus but also for the many dia-
batic states that may be associated with the large region
of toroidal high-spin isomers in α-conjugate nuclei up to
A ≤ 70 [74–76]. It will also be useful for the investiga-
tion of diabatic toroidal states in the intermediate and
superheavy mass region for which some recent progress
has been made [88–90].
We consider a Hamiltonian H0 which contains already
many constraints that have been imposed on the system.
We wish to impose an additional toroidal constraint to
hold the nucleus in a toroidal shape. For this purpose, we
introduce a radial moment σ2ρ to characterize the radial
property of the density distribution that can constrain
the density into a toroidal shape,
σ2ρ =
{∫
dr n(r) (ρ− 〈ρˆ〉)2
}
, (14)
where 〈ρˆ〉 is the expectation value of the coordinate
ρˆ=ρ=
√
x2 + y2,
〈ρˆ〉 =
∫
dr
A∑
i=1
ψ∗i (r) ρˆ ψi(r), (15)
and n(ρ, z) is the nuclear density which can be deter-
mined self-consistently from the set of the wave functions
{ψi} of occupied states
n(r) =
A∑
i=1
ψ∗i (r)ψi(r). (16)
The constraint of a fixed toroidal radial moment σ2ρ, can
be imposed with the additional Lagrange multiplier λ,
H = H0 + λ
{∫
dr n(r) (ρ− 〈ρˆ〉)2 − σ2ρ
}
(17)
Upon a minimization of the Hamiltonian H with re-
spect to a variation in ψ∗i , we have
δH
δψ∗i
=
δH0
δψ∗i
+ λ
∫
dr (ρ− 〈ρˆ〉)2 ψi
+(terms involving
δ〈ρˆ〉
δψ∗i
) (18)
To the extent that the change of the bulk 〈ρˆ〉 with respect
to the change of individual single-particle states ψ∗i is
small when the occupation numbers of the states have
settled down and do not change, the last term of the
above variation can be neglected. Writing H0 in terms
of the single-particle Hamiltonian h0 as
H0 =
∫
dr
A∑
i=1
ψ∗i (r) h0 ψ(r), (19)
and we have
δH0
δψ∗i
=
∫
dr h0ψi. (20)
Under the toroidal constraint of Eq. (17), the minimiza-
tion of H with respect to ψ∗i leads to the single-particle
Hamiltonian under the toroidal constraint
h′ = h0 + λ (ρ− 〈ρˆ〉)2 . (21)
In the case with a large R/d ratio, 〈ρˆ〉 ∼ R. Thus, we
observe that the last term of Eq. (21) is approximately in
the same form as the toroidal potential of Ref. [67], with
the Lagrange multiplier λ playing the role of the har-
monic oscillator frequency ω2⊥ multiplied by the nucleon
mass m. We obtain the result that with the addition of
the toroidal constraint Eq. (14), the variation principle
lead to a single-particle toroidal potential that is simi-
lar to the potential of [66, 67] with the ω⊥ appearing as
a variational parameter. For a given quadruple moment
that leads to the proper R, the variation λ will lead to the
proper radial width d of the transverse degree of freedom.
Another approach to examine toroidal nuclei can be
carried out in diabatic mean-field calculations [71]. This
is achieved by constraining the occupation of the single-
particle states so that at the locations of the crossing of
two single-particle states at the top of the fermi surface,
one does not choose to occupy the state of the lowest en-
ergy. Instead, one maintains the diabatic configuration
with the occupation of the state with the highest overlap
with the earlier state before the level crossing, leading
to a diabatic energy equilibrium as in [71]. Diabatic cal-
culations have been performed successfully for 24Mg [71]
and 28Si [70].
It will be of interest to see whether constraint dynam-
ics or diabatic calculations for 12C will reveal the toroidal
12C states as discussed here. Although such constraint
dynamics and diabatic calculations may appear simple
in theoretical formulation, their implementation onto the
self-consistent mean-field computer program are difficult
tasks. We shall examine the microscopic mean-field de-
scription using the simpler method with variational wave
functions.
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VII. MICROSCOPIC DESCRIPTION OF 12C
STATES USING VARIATIONAL WAVE
FUNCTIONS
The phenomenological analysis in Section V suggests
the possibility that the Hoyle state and many of its low-
lying excited states may be tentatively attributed to the
particle-hole excitation of the 12C nucleus from a toroidal
configuration. It is therefore of great interest to search for
the microscopic foundation for such a toroidal description
for the Hoyle state as the band head of the particle-hole
excitations, starting with the mean-field approximation
using the Skyrme energy-density functional [78–80].
Assuming a 12C nucleus with an intrinsic axial sym-
metry, we describe the states of the nucleus by a
Slater determinant of neutrons and protons occupying
the lowest-energy single-particle states |nρ, nz, Λz, Ωz〉.
For 12C, the lowest-energy single-particles states are
|0, 0, 0,±1/2〉, |0, 0, 1,±3/2〉, and |0, 0, 1,±1/2〉. Limit-
ing our considerations to nρ=0 and nz=0 states, we shall
omit the labels of “nρ=0” and “nz=0” for brevity of
notation. The variational parameters (R, dρ, dz) of the
single-particle wave functions will be so chosen that they
allow the examination of the energy surface of the nucleus
in many different configurations : the spherical, prolate
spheroid, oblate spheroid, bi-concave disks, and toroidal
configurations. For simplicity, we shall assume the same
set of spatial and spin wave functions for neutrons and
protons and neglect the spin-orbit interaction so that the
radial wave function RλzΩz of the single-particle state
|ΛzΩz〉 depends only on Λ, the absolute value of Λz. The
wave functions of the occupied single-particle states for
a proton or a neutron can be represented in terms of the
variation parameters (R, dρ, dz) by
ΨΛzΩz (ρ, z, φ) = RΛ(ρ)Z(z)[ΦΛz (φ)χsz ]Ωz , (22a)
where RΛ(ρ) = NΛρΛ exp
{
− (ρ−R)
2
2(d2ρ/ ln 2)
}
, (22b)
Z(z) = NZ exp
{
− z
2
2(d2z/ ln 2)
}
, (22c)
ΦΛz (φ) =
eiΛzφ√
2pi
. (22d)
In Eq. (22b), the parameter R describes approximately
the position of the peak of the wave function in the radial
coordinate1. The ρΛ dependence of Rλ(ρ) in Eq. (22b)
arises from the behavior of the wave function near the
origin at ρ→ 0, as inferred from the single-particle wave
equation (2). The quantities dρ and dz are related to the
width of the wave function along the ρ and z direction
1 Note that the symbol R here in the microscopic description in
Eq. (22b) and the same symbol R in the phenomenological de-
scription in Eq. (3) represent different measures of the major
toroidal radius and are different physical quantities, which can
be easily distinguished by the context.
on the meridian plane. The normalization constants NZ
and NΛ(R, dρ) are given by
NZ =
1
(2pid2z/2 ln 2)
1/4
, (23a)
NΛ(R, dρ) =
1√
I(2Λ+1)(t0)
, (23b)
where
I(2Λ+1)(t0) ≡
∫ ∞
0
dρ ρ2Λ+1 exp
{
− (ρ−R)
2
(d2ρ/ ln 2)
}
(24)
=
(
dρ√
ln 2
)2Λ+2√
pi
2
(2Λ + 1)! i(2Λ+1)erfc(t0),
and i(2Λ+1)erfc(t0) is the integral of the error function as
defined in Eq. (7.2.3) of [91],
i(2Λ+1)erfc(t0)=
2√
pi
∫ ∞
t0
(t− t0)(2Λ+1)
n!
e−t
2
dt (25a)
and t0= − R
dρ/
√
ln 2
. (25b)
The wave functions ΨΛzΩz (ρ, z, φ) in Eq. (22a) for differ-
ent quantum numbers {Λz,Ωz} are orthonormal.
Instead of the (dρ, dz) parameters, it is convenient to
introduce their geometrical mean, d=
√
dzdρ, and the di-
mensionless deformation parameter a2 to write them as
dz= de
+a2 , (26a)
dρ= de
−a2 . (26b)
The set of (R, d, a2) parameters give rise to nuclear
equidensity surfaces of different shapes:
R= 0, a2 = 0 : spherical surface,
R= 0, a2 > 0 : prolate spheroid,
R= 0, a2 < 0 : oblate spheroid,
R> 0, : spheroid, bi-concave disk, toroid,
R< 0, a2 < 0 : oblate surface,
R< 0, a2 > 0 : prolate surface.
VIII. 12C GROUND STATE ENERGY AND
DENSITY DISTRIBUTION
We construct a Slater determinant for the occupied
states and utilize the Skyrme SkM* interaction [80] to
obtain the energy of the system as a function of the vari-
ation parameters (R, d, a2). With the variational wave
functions Eqs. (22a)-(22d) for neutrons and protons, we
get the nuclear density n(ρ, z)
n(ρ, z)= fφfρfz, (27a)
where fφ=
1
2pi
, (27b)
fρ(ρ)= 4|R0(ρ)|2 + 8|R1(ρ)|2, (27c)
fz(z)= |Z(z)|2. (27d)
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The kinetic energy density τ(ρ, z) defined as [78, 79]
τ(ρ, z) =
∑
occ states
|∇ψΛzΩz (ρ, z)|2,
is therefore
τ(ρ, z) =fφfρ(ρ)|∇zZ(z) · ∇zZ(z)|
+fφfz(z)
{
4|∇ρR0(ρ)|2 + 8|∇ρR1(ρ)|2
+ 8
Λ2z
ρ2
|R1(ρ)|2
}
. (28)
The expectation value of the energy E(R, d, a2) of the
12C nucleus in the mean-field approximation is therefore
[78, 79]
E = 〈H〉=
∫
2piρ dρ dz τ(ρ, z)
+
∫
2piρ dρ dz
{
3
8
t0n
2 +
1
16
t3n
α+2
+
1
16
(3t1 + 5t2)nτ +
1
64
(9t1 − 5t2)|∇n|2
}
+
1
2
∫
d3r1d
3r2n(r1)n(r2)
e2
|r1 − r2| , (29)
where the Skyrme SkM* parameters are t0=-2645
MeV·fm3, t1=410 MeV·fm5, t2=-135 MeV·fm5, t3=15595
MeV·fm6, and α=0.167 [80].
With the quantities n(ρ, z) and τ(ρ, z) given in terms
of the wave functions, which are explicit functions of the
variational parameters, the energy surface E(R, d, a2) is a
function of the variational parameters. We first study the
landscape of the energy surface E(R, d, a2) of
12C among
the nuclear shapes of the sphere, prolate spheroid, and
oblate spheroid. This can be achieved by constraining R
to be zero and making variations in d and a2. The con-
tours of the energy surface E(R, d, a2)|R=0 on the (d, a2)
plane are given in Fig. 7.
As inferred from Fig. 7 for R = 0, the energy minima at
d = 1.49 fm and a2=−0.089 occurs at ER=0≡E0=−66.68
MeV. The contribution of the spin-orbit interaction
to the ground state of 12C is −23.56 MeV from self-
consistent Hartree-Fock calculations [60]. If the spin-
orbit interaction is included, the total energy of the sys-
tem will be -90.1 MeV which is close to the experimental
value of -92.16 MeV.
We can examine the ground state nuclear density as
shown in Fig. (8a) on the y=0 plane, and in Fig. (8b) on
the z=0 plane. We note from Fig. (8a) that the shape of
an equidensity surface of the 12C ground state depends
on the density value. The equidensity surfaces in the low
density region are nearly oblate ellipsoids. The ratio of
the axis length along the ρ-direction to the axis length
in the z-direction at the half-density surface is approxi-
mately 2:1, as would be expected for the doubly magic
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FIG. 7. (color online). The contours of the 12C energy surface
E(R, d, a2)|R=0 for R =0 on the (d, a2) plane. The ground
state energy minimum appears at d=1.49 fm and a2=-0.089
at an energy E=E0=−66.68 MeV. The energy contours values
labeled on the right are in units of MeV.
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FIG. 8. (color online). The nuclear density of the 12C ground
state (a) on the y = 0 plane, and (b) on the z=0 plane.
The density contours labeled on the right are in units of
nucleon/fm3.
shell of N = 6 and Z = 6 in an anisotropic harmonic os-
cillator potential [66], in agreement with the experimen-
tal deformation of β2=−0.6 deduced in the direct reac-
tion in neutron scatterings [77]. As the density increases,
the equidensity surfaces turn into a bi-concave disks with
a small indentation in the polar regions. When the den-
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sity reaches n ≥ 0.21 /fm3, the equidensity surfaces turn
into toroids. Upon defining a toroidal nucleus as one in
which some equidensity surfaces are toroidal, the ground
state of the 12C nucleus can be called a toroidal nucleus.
It has a dense toroidal core immersed in lower-density
oblate ellipsoids on the surface.
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(b) Resonating Group Method
  
FIG. 9. (a) The nuclear density of the 12C ground state on
the y=0 plane obtained by minimizing the energy in the vari-
ations of (R, d, a2). The density contours are labeled in units
of nucleon/fm3. The density contours labeled on the right
are in units of nucleon/fm3. (b) The nuclear density n of the
12C ground state on the y=0 plane obtained by the resonat-
ing group method (Fig. 4 of Kamimura [33]). The density
contours are labeled in units of 1/10 of the maximum density.
It should be pointed out that the toroidal feature of
the 12C nucleus of the ground state as exhibited in Figs.
8(a) and 9(a) may appear surprising, but it is in fact in
agreement with earlier results from the resonating group
method presented in Fig. 4 of Kamimura [33] and repro-
duced in our Fig. 9(b), where the density contours are
given in units of 1/10 of the maximum nuclear density.
In the language of the generator coordinates and resonat-
ing groups, the toroidal density distribution in Fig. 9(b)
arises from a generator coordinate superposition of the
orientation of Wheeler’s triangular cluster wave functions
on the cluster plane that generates naturally an intrin-
sic toroidal density. In the language of the nuclear shell
effects [66–68], the toroidal feature of the inner core in
Fig. 9(a) arises from the variation of the shape of the
single-particle wave functions to reach the state of the
lowest energy, and the lowest energy is obtained by set-
tling onto the doubly-closed toroidal shells of N=Z=6
[66, 67] resulting in a toroidal density. From such a per-
spective, there appears to be a high degree of equivalence
and complemntarity between the toroidal mean-field de-
scription emphasized here and Wheeler’s triangular 3α
cluster description investigated elsewhere [21, 23–36].
In VAP (Variation after Projection) calculations in the
triangular 3α cluster models for the ground state and the
Hoyle state, the variation of the wave function is carried
out after projecting out the I=0 and M=0 state from
the triangular 3α cluster. The projection involves the
superpositioning of the orientations of the triangular 3α
clusters on the triangular plane, and the intrinsic nuclear
density after projection is in essence a toroidal density,
as the results of [33] in Fig. 9(b) demonstrate. The vari-
ation after the projection is therefore concerned with the
stability of the nucleus under the variation of an intrinsic
toroidal density. In VAP calculations for the 12C ground
state in the resonating group method [33], the solution
of the Wheeler’s triangular cluster is compact, and the
corresponding toroidal dense core is immersed in lower-
density oblate spheroids. In VAP calculations for the
Hoyle state, the AMD and FMD solutions of Wheeler’s
triangular cluster have a greater spatial extension [22, 43–
48], as is also indicated by experimental inelastic scatter-
ing experiments [92]. It is reasonable to expect a toroidal
nucleus with a more prominent toroidal features and a
larger toroidal major radius for the Hoyle state.
IX. ADIABATIC ENERGY E(R) ABOVE THE
GROUND STATE
To study the properties of the low-lying excited states
above the ground state, we examine the energy surface
and the nuclear density distributions for different values
of R around the ground state of 12C. Under the constraint
of a major radius parameter R, we look for the lowest
“adiabatic” energy E(R) by searching for the (d, a2) val-
ues that lead to an energy minimum. For a constrained
value of R in question, the adiabatic energy E(R) is de-
termined by the minimum energy on the (d, a2) plane.
Figure 10 gives the adiabatic energy E(R) as a function
of R and Table VII lists the corresponding equilibrium
location (d, a2) at the energy minimum and the excita-
tion energy Ex(R)=E(R) − E0, where E0=ER=0. As
R increases, the equilibrium minor radius d decreases,
and the equilibrium deformation parameter a2 increases.
The meridian cross section changes from an oblate shape
to a nearly circular shape on the meridian plane, as R
increases. In the region of negative value of R, the adi-
abatic system have nearly the same shape as the oblate
nucleus at R=0. Hence the adiabatic energy flattens out
in the region of negative R.
We find in Table VII and Fig. 10 that the ground state
energy E0 at R = 0 is a minimum not only under the
variation of (d, a2) but also a minimum under a variation
of R. Fig. 10 shows further that as a function of R there
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FIG. 10. (color online). The solid points and the adjoining
solid line give the adiabatic energy E(R) of 12C. For each value
of R, the energy E(R) is determined as the minimum of the
energy in the (d, a2) plane, whose location at the minimum is
listed in Table VII.
is no additional local energy minimum at a non-zero pos-
itive value of R in the mean-field approximation.
TABLE VII. For each value of R, the energy E(R) is the
minimum of the energy on the (d, a2) plane, for which the
(d, a2) location at the minimum are listed. The excitation
energy Ex is the energy E(R) relative to the ground state E0,
Ex=E(R)-E0, where E0=ER=0 .
R E(R) Ex d a2
(fm) (MeV) (MeV) (fm)
-0.60 -66.07 0.61 1.570 -0.140
-0.30 -66.52 0.16 1.540 -0.120
0.0 -66.68 0.00 1.493 -0.089
0.3 -66.14 0.54 1.450 -0.065
0.6 -64.72 1.96 1.420 -0.050
0.9 -62.20 4.48 1.394 -0.025
1.0 -61.09 5.59 1.377 -0.020
1.16 -59.03 7.65 1.370 -0.007
1.2 -58.52 8.16 1.368 -0.004
1.4 -55.59 11.09 1.360 0.004
1.6 -52.26 14.42 1.354 0.010
2.0 -45.08 21.60 1.350 0.020
We can examine the energy surface in other degrees of
freedom in order to search for a secondary local energy
minimum. The toroidal shape density can evolve into a
3α cluster distribution by the sausage deformation σ3 of
order λ = 3, which turns an azimuthal-symmetric toroid
into three clusters with three adjoining necks, (as illus-
trated in Fig. 3 of Ref. [67]). To study the question of
stability with respect to a variation in σ3, we modify the
wave function ΦΛz (φ) of Eq. (22d) to
ΦΛz (φ) =
(1 + σ3ρ
3e3iφ)ρΛeiΛzφ√
2pi
. (30)
Direct calculations in the mean-field theory with Skyrme
SkM* interactions reveal that in the neighborhood of the
Hoyle energy region the toroidal state, Ψtoroid, the nu-
cleus system is stable against sausage deformation of or-
der λ=3 at σ3=σ3T=0. There is no local energy min-
imum at a non-zero value of σ3 and R as shown in
Fig. 11. We can further explore different RΛ parame-
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FIG. 11. (color online). The energy contours of the energy
surface E(R, σ3) in the plane of (R, σ3) for the set of parame-
ters d=1.370 fm and a2=-0.007 appropriate for the excitation
energy at the Hoyle energy. The energy contours are labeled
in units of MeV.
ters for the different Λ single-particle states. Upon con-
sidering the parameters space of (RΛ=0, RΛ=1, d, a2, σ3),
we find that in the mean field approximation with the
Skyrme SkM* interaction, there is only a single ground
state energy minimum at (RΛ=0, RΛ=1, d, a2, σ3)=(0, 0,
1.493fm, -0.089, 0), with no secondary local energy mini-
mum in the neighborhood of the Hoyle energy. Extensive
Hartree-Fock and Hartree-Fock-Bogoliubov calculations
using the Skyrme SkM* interactions also fails to indi-
cate a secondary toroidal local energy minimum in the
neighborhood of the Hoyle energy [60].
X. DENSITY DISTRIBUTION OF THE 12C
NUCLEUS AT HOYLE ENERGY
A. Toroidal State Ψtoroid at Hoyle Energy
The adiabatic energy E(R) examined in Fig. 10 and
listed in Table VII allows us to find the variational pa-
rameter values (R, d, a2) at which the
12C excitation
energy is at the Hoyle excitation energy. From Table
VII, we find that the case of (R=1.16 fm, d=1.370 fm,
a2=-0.007) corresponds to an excitation energy of the
Hoyle energy at Ex=7.65 MeV. With this set of varia-
tional parameters, we can calculate the nuclear density
distribution of the state of the system at the Hoyle en-
ergy. We plot the nuclear density on the x-z plane at y=0
in Fig. 12(a) and the density contours on the x-y plane
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FIG. 12. (color online). The nuclear density for the toroidal
state of 12C at the Hoyle state excitation energy, (a) on the
z=0 plane, and (b) on the y plane. The density contours are
labeled in units of nucleon/fm3.
at z=0 in Fig. 12(b). One observes that for this state of
the system at the Hoyle energy on the E(R) energy sur-
face, the equidensity surfaces with density n ≥ 0.07/fm3
appear as separated toroids, while those with lower den-
sities as spindle toroids. The meridian cross sections are
nearly circular. Thus, the toroidal core that shows up for
the 12C ground state at R=0 becomes much more promi-
nently toroidal, as R increases to R=1.16 fm at the Hoyle
energy region. One concludes from such an investigation
that there is a state at the Hoyle energy with a promi-
nent toroidal density distribution shown in Fig. 12 that
is degenerate with the energy of the Hoyle state. It is a
Slater determinant consisting of single-particles states of
Eqs. (22a-22d) with the appropriate R, d, and a2 values.
In the mean-field theory, such a state is stable against
variations in d and a2 but lies on an energy slope as a
function of E(R), as shown in Fig. 10. It is therefore
unstable against the contraction of the major radius R
in the mean-field approximation. We nonetheless call it
a provisional toroidal state at the Hoyle energy, Ψtoroid,
on account of its toroidal density shape, pending further
investigation of its stability against R variations. We
shall examine whether many-body interactions beyond
the mean field may affect the stability of the provisional
toroidal state Ψtoroid against variations in R. It should
however be kept in mind that pending modifications aris-
ing from additional interactions beyond the mean field
may modify slightly the R location and the shape of the
density distribution but will not likely change its toroidal
characteristics.
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FIG. 13. The nuclear density ρ(r) in the spherical coordinate
system, after integrating over the polar angles. (a) Results
from the antisymmetric molecular dynamics calculations of
[46], and (b) from the provisional toroidal state at R = 1.16
fm, Ψtoroid, at the Hoyle energy.
We can get another idea on the spatial extension of
the ground state and the provisional toroidal state Ψtoroid
plot the density distribution nr(r) of Ψtoroid as a function
of the spherical radial coordinate r after integrating over
the polar angle θ,
nr(r) =
∫ pi
0
n(ρ, z) sin(θ)dθ, (31)
for which 2pi
∫
nr(r)r
2dr = A. The angle-integrated den-
sities nr(r) as a function of the spherical coordinate r
for the ground state (with R = 0) and the provisional
toroidal state at Hoyle energy (with R=1.16 fm) are plot-
ted in Fig. 13 . We note that the density nr(r) in the
interior of the ground state is about two to three times
that of the provisional toroidal state Ψtoroid, but the lat-
ter has a more extended distribution at large r values.
B. Models of 3α Clusters
Even though we do not find a toroidal local energy min-
imum as a function of R in the mean-field theories, we
are however motivated to continue the search in view of
the many pieces of experimental evidence supporting the
tentative identification the Hoyle state and many of its
excited states to be states of 12C in a toroidal configura-
tion, as discussed in Section V. From intuitive viewpoints,
we are further encouraged by the small energy separation
between the Hoyle state and its excited states, by the
large number of both the identified and the un-identified
broad excited states, by the close average energy spacing
between the states, and by their predominance in their
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decay into three alpha particles. These characteristics
suggest that the Hoyle state is intrinsically a spatially
extended object that is capable of possessing a complex
particle-hole excitation structure. A toroidal description
is consistent with such a suggestion. Theoretically we
find it promising that the ground state nuclear density
as exhibited in Fig. 8 already shows a toroidal structure
in its core and the provisional state at the Hoyle energy
in Fig. 12 exhibits prominent toroidal characteristics. We
also note with interest that there may be residual inter-
actions beyond the mean-field that may be peculiar to
12C and have important effects on the stability of the
toroidal system as a function of R.
We seek guidance from earlier models that have been
successful in describing both the ground state and the
Hoyle state. Cluster models of different types, originat-
ing from Wheeler’s concept of a triangular cluster of three
alpha particles, have been quite successful in explaining
many salient features of the states of the 12C nucleus.
There is the interacting cluster model of three alpha par-
ticles in which the alpha particles are approximated to
be structure-less for simplicity but the dynamics of the
clusters are solved as a quantum mechanical three-body
problem [23–26]. There are the resonating group method
[1, 2, 33] and the generator coordinate method of alpha
clusters [21, 28–30] in which the nucleons and their ex-
changes are described microscopically and the dynamics
between clusters is determined by a variational principle
with the variational wave function as a superposition of
triangular 3α clusters wave function. The ground state
and the Hoyle state appear as quantized solutions of the
Hill-Wheeler equation appropriate for a system of three
alpha particles with different radial extensions. In ad-
dition, there are also the AMD model [43–46] and the
FMD model [22, 47, 48] in which the cluster states and
the shell model states coexist, and the nucleons cluster
automatically by themselves upon a minimization of the
energy of the system.
All the above mentioned models find the ground state
and the Hoyle state as 3α clusters, with the Hoyle state
to be spatially more extended than the ground state. Al-
though the ground state may be adequately described by
the independent particle mean-field theory, the descrip-
tion of the Hoyle state in all these descriptions appears
to require effectively interactions beyond the mean field.
We shall discuss the simplest cluster model of Ref. [23–
26] as a representative, in order to bring out the most
important ingredients. In this cluster model of 12C as a
quantum-mechanical three-body problem with structure-
less alpha particles, the two-alpha interaction is taken
from a phenomenological Ali-Bodmer interaction that de-
scribes well the properties of the two-alpha systems [93].
It was found that good agreement of the properties of the
low-lying states and their decay widths [23–26] necessi-
tates the introduction of an attractive three-alpha cluster
interaction taken to be of the form
V3α(r1r2r3) = S exp{−ρ2/b2}, (32)
where ri is the coordinate of the ith alpha particle and
ρ2 =
4
3
3∑
i<j
(ri − rj)2/b2}. (33)
The range parameter b has been taken to be 6 fm in
[23–26], corresponding to the situation that the case of
ρ=b corresponds to the condition of three touching alpha
particles. For the Hoyle state, S was found to be −20
MeV. The occurrence of the Hoyle state in the collision
of three alpha particles in stellar evolution, leading to the
nucleosynthesis from light elements to heavy elements,
provides an additional strong support for the presence of
this type of three-alpha cluster residual interaction.
In a completely microscopic picture including the con-
stituents of the alpha particles, the three-alpha interac-
tion such as Eq. (32) will involve all twelve nucleons that
is beyond the scope of the mean-field approximation.
C. Possible Coexistence of the Toroidal and the
Three-alpha Cluster Configurations
With the addition of the 3α cluster force, the quantum-
mechanical three-body problem was solved to obtain the
3α cluster state Ψ3α that gives a good description of the
Hoyle state energy and decay width as described in [23–
26]. We have thus the situation that there are two degen-
erate states with distinctly different density distributions
but with the same energy : (i) the (provisional) toroidal
state Ψtoroid with a toroidal density distribution at the
Hoyle energy as shown in Fig. 12, and (ii) the 3α cluster
state Ψ3α(r1r2r3) at the Hoyle energy as obtained in [23]
by solving the three-body problem. They are degenerate
at the Hoyle energy. Because of the energy degeneracy,
the two states must mix with each other.
Etoroid E3α
E
E(σ3)
σ3
σ3
(3α)σ3
(toroid)
= 0
m
odel
m
odel 
Toroid 3α cluster
Ψtoroid Ψ3α
m
ean-field 
cluster 
FIG. 14. (color online). Schematic depiction of the energy
curve E(σ3) (solid curve) in the sausage degree of freedom,
σ3 at the Hoyle energy, Etoroid=E3α=EHoyle. The toroidal
state Ψtoroid is stable against σ3 variations at σ3=σ
(toroid)
3 =0.
The 3α cluster state Ψ3α is stable against σ3 variations at
σ3=σ
(3α)
3 . The two degenerate configurations mix with each
other to give rise to a pair of states.
The toroidal shape density can evolve into a three-
α cluster density by the sausage deformation σ3, of or-
der λ = 3. We can envisage the behavior of the energy
surface E(σ3) similar to those in a double-well potential
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or a fission isomer [68, 94, 95], as shown schematically
in Fig. 14. Direct calculations in a mean-field theory
reveal in Fig. 11 that the toroidal state Ψtoroid at the
Hoyle energy is stable against sausage deformation of or-
der λ = 3 at σ3 = σ
(toroid)
3 = 0, as depicted schematically
by the dashed-dot curve in Fig. 14. On the other hand, by
including the essential three-alpha attractive interaction
[Eq. (32)] in the quantum mechanical three-body prob-
lem, the 3α cluster model yields a resonance Ψ3α at the
Hoyle energy, with the correct three-alpha decay width
[23]. The presence of such a 3α cluster state at the Hoyle
energy means that the 3α cluster state is a local energy
minimum at a non-zero value of σ3 = σ
(3α)
3 , as depicted
as the dotted curve in Fig. 14. Thus, there are two de-
generate states, Ψtoroid and Ψ3α, at the Hoyle energy. A
complete solution will involve the full σ3 space with both
shapes to lead to the mixing of the two configurations,
similar to the case of fission isomers [68] and shape iso-
merism in Hg isotopes [94]. A solution for two physical
states in the full σ3 space will be of the type
ΨI= atoroidΨtoroid + a3αΨ3α, (34a)
as in a double-well potential and fission isomers [68, 94,
95]. The two states Ψtoroid and Ψ3α are not orthogo-
nal as their overlap 〈Ψtoroid|Ψ3α〉 is in general not zero.
The Hamiltonian matrix for these two states needs to
be constructed and diagonalized to obtain the pair of
physical states. The splitting between the pair of two
physical states involves a tunneling through the barrier
between the the toroidal state at σ3=σ
(toroid)
3 =0 to the
three-alpha cluster and the local energy minimum at a
finite σ
(3α)
3 [95].
D. Effective 3α Cluster Interaction beyond the
Mean Field
The presence of the attractive three-cluster interaction
V3α such as that represented in Eq. (32) will lead to a
correction to mean-field adiabatic surface ∆E3α(R) for
the toroidal configuration. We envisage that the many-
nucleon system leads to a physical state at the Hoyle en-
ergy that has a toroidal component Ψtoroid(R) described
by a Slater determinant of the toroidal single-particle or-
bitals given in Eqs. (22a-22d). The effect of a three-alpha
particle cluster interaction V3α leads to a change of the
adiabatic energy in the toroidal sector given by
∆E3α(R) = 〈Ψtoroid(R)|V3α|Ψtoroid(R)〉
=
∫
dr1dr2dr3|〈Ψtoroid(R)|Ψ3α(r1r2r3)〉|2V3α(r1r2r3).
Here, the three-alpha cluster state Ψ3α(r1r2r3) is quan-
tized in accordance with the three-body wave equation
[23] and it has a definite root-mean-square radius. There-
fore, the probability |〈Ψtoroid(R)|Ψ3α(r1r2r3)〉|2 can be
represented by a Gaussian with a width parameter a
R
centered at the R0 value, for which Ψtoroid(R0) and the
solution Ψ3α(r1r2r3) have the same root-mean-square
radius. We are led to a semi-empirical adiabatic energy
correction arising from the 3-alpha clustering interaction
of the form
∆E3α(R) = Ae
−(R−R0)2/2a2
R (35)
The set of parameters of A=6 MeV, R0=1.6 fm, and
aR=0.15 fm will give a secondary toroidal energy mini-
mum at the Hoyle energy of Ex =7.65 MeV at R=1.55
fm. They serve here only as an example to indicate that
there are known interactions beyond the mean field that
may have important effects on the stability of the 12C
nucleus in the toroidal configuration at the Hoyle energy.
Much more work will need to be carried out to clarify the
situation. The phenomenological to investigate toroidal
shape should continue to proceed because both the mi-
croscopic foundation and the phenomenology on the in-
trinsic shape of the Hoyle state will benefit from progress
in either direction.
XI. CONCLUSIONS AND DISCUSSIONS
In spite of many investigations on the excited states of
12C, the physical nature of the Hoyle state and its many
excited states remains an interesting puzzle [7–21, 23–
26]. We explore the toroidal degree of freedom for the
reason that the 12C nucleus, with 6 neutrons 6 protons,
is a doubly closed-shell nucleus in a toroidal potential. A
generator coordinate superposition of the orientations of
Wheeler’s triangular cluster states on the cluster plane
will naturally generate a toroidal density. Many excited
states of 12C decays predominantly into three alpha par-
ticles, and a cluster of three alpha particles has a prob-
ability amplitude overlap with the toroidal wave func-
tion. Recently, experimental evidence for toroidal high-
spin isomers in 28Si predicted by a number of theoreti-
cal investigations have recently been reported [70]. For
these reasons, we study the states of the 12C nucleus in a
toroidal configuration from both phenomenological and
microscopical viewpoints.
In the phenomenological approach, we search for the
signature of a toroidal nucleus and we find that the
12C single-particle state energies have a simple Λ2/R2
structure and these states bunch together to form single-
particle Λ-shells. Consequently the toroidal shell struc-
ture gives rise to particle-hole multiplets of 12C excited
states bearing the signature for the intrinsic toroidal
properties. The spectrum of a toroidal nucleus is charac-
terized by these shell-to-shell step-wise particle-hole exci-
tation multiplets of various spin, parities, and excitation
energies.
Upon comparing with the experimental spectrum,
we find approximate agreement of the spins and par-
ities of identified low-lying states. The underlying
broad structures in the excitation functions of the
11B(3He,d)12C∗→3α reaction of Ref. [15] indicates the
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possible presence of the remainder members of the pro-
duced multiplets. The 10B(3He,p)12C→3α data at higher
energies indicates possible copious production of toroidal
states as a large underlying broad structure underneath
the resolved resonances. Subject to further experimental
and theoretical investigations, the Hoyle state and many
of its excited states may be tentatively attributed to be
states of a 12C nucleus in the toroidal configuration, with
the Hoyle state as the band head. There may be a large
number of toroidal 12C states over a large energy region
that readily breakup into three alpha particles, which
may have implications in energy-producing mechanisms.
In the microscopic mean-field approximation with the
Skyrme energy density functional for the 12C nucleus,
we find that the ground state of 12C has an low oblate
spheroidal density distribution on the surface but a high
density toroidal distribution in the core, in agreement
with previous calculations using the generating coordi-
nate method. At the Hoyle energy, the nuclear density
exhibits a pronounced toroidal structure. On the other
hand, previous quantum three-body treatment of the 12C
nucleus yields the proper resonance energy and width at
the Hoyle energy when a three-body force is introduced
[23, 24]. Because the toroidal state can evolve into a
three-alpha cluster through the sausage deformation σ3
and the toroidal state and the 3α cluster states have the
same energy, the physical state is likely a mixture of the
toroidal state and the 3α cluster state, suggesting the
possibility of a toroidal coexistence of the physical state
possessing probability amplitudes for both the toroidal
and the three-alpha cluster configurations. The physical
Hoyle state and many of its excited states may therefore
exhibit toroidal nucleus characteristics with the presence
of particle-hole multiplets examined here as well as three-
alpha cluster characteristics studied in cluster models.
Such a coexistence model is similar to the coexistence
model [19, 34] proposed earlier. The difference is that the
cluster model with shell model wave function is hereby
replaced with a toroidal structure that is geometrical in
its content.
It is instructive to compare and contrast the advan-
tages and disadvantages in the toroidal and the three-
alpha cluster descriptions of the 12C nucleus under dif-
ferent physical probes in different measurements. In the
toroidal configuration, nucleons traverse azimuthal or-
bitals and a particle-hole excitation can be promoted
easily from one azimuthal Λ-shell to another Λ-shell with
low expenses in energy, of order a few MeV. On the other
hand, in the three-alpha cluster of strongly bound alpha
particles as a dilute gas, a particle-hole excitation of the
alpha particles will require a very high energy, of order
20 MeV. Hence, the toroidal configuration may be more
efficient for problems involving particle-hole excitations,
as for example, in the stripping-type experiments carried
out in the Aarhus-Madrid Collaboration in [15–17]. In
matters of the isolation of the four correlated particles
as an escaping entity and the tunneling through the eter-
nal Coulomb barrier the three-alpha cluster configuration
may provide a more convenient description. A toroidal
coexistence picture of the 12C nucleus as a mixing of both
the toroidal and three-alpha cluster configurations may
therefore be a useful concept.
The proposed toroidal description of the 12C states
may be useful not only to correlate existing experimen-
tal data, it has a number of predictions that will stim-
ulate future experimental and theoretical work. Specif-
ically, the toroidal particle-hole picture predicts many
additional states in the particle-hole multiplet, and it is
likely that these are the broad states in the underlying
structure under the identified sharp states, as is discussed
in Section V. Therefore, experimental identification of
the spin and parity of the broad states in the underlying
structure, if at all possible, will be useful. In this re-
spect, recent experimental effort in finding the spin and
parity of a broad state in the continuum can be of value
[97]. Theoretically, it will also be of interest to plot the
intrinsic nuclear density on the x-z plane for the Hoyle
states in the GCM and RGM calculations or other mi-
croscopic calculations. The present work would predict
that the Hoyle state will show an intrinsic toroidal den-
sity, just as the ground state shows an intrinsic toroidal
dense core in the GCM work with a 3α cluster in the
work of Kamimura [33] discussed in Section 10A. The-
oretically, much work needs to be done to understand
quantitatively the excitation function to see if the spec-
troscopic factors for the different states in the multiplets
are indeed as they should be. We also need to under-
stand theoretically why some states have narrow width
while some other have broad width. Is it correlated with
their toroid-like or 3-alpha-cluster-like behavior?
In future theoretical work, it will be necessary to in-
clude spin-orbit and other residual interactions so as to
obtain the fine-structure of the multiplets. The knowl-
edge of a better wave function will allow the evaluation
of the toroidal moment of inertia of the Hoyle state, for
comparison with the observed moment of inertia. How
the additional three-alpha cluster interaction may be in-
cluded as a residual interaction in a mean-field dynamics
will be of great interest. The quantitative evaluation of
the overlap amplitude between the toroidal state and the
3α cluster state and the correction to the adiabatic en-
ergy ∆E3α(R) arising from the three-alpha interaction
will be of great interest to provide a firmer foundation
on the microscopic description of the toroidal configura-
tion.
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